Abstract. In this paper we establish a new explicit upper and lower bound for the n-th prime number, which improve the currently best estimates given by Dusart in 2010. As the main tool we use some recently obtained explicit estimates for the prime counting function. A further main tool is the usage of estimates concerning the reciprocal of log pn. As an application we derive refined estimates for ϑ(pn) in terms of n, where ϑ(x) is Chebyshev's ϑ-function.
Introduction
Let p n denotes the n-th prime number and let π(x) be the number of primes not exceeding x. In 1896, Hadamard [7] and de la Vallée-Poussin [15] proved, independently, the asymptotic formula π(x) ∼ x/ log x for x → ∞, which is known as the Prime Number Theorem. Here, log x is the natural logarithm of x. As a consequence of the Prime Number Theorem, one gets an asymptotic expression for the n-th prime number, namely (1.1) p n ∼ n log n (n → ∞).
In 1902, Cipolla [3] proved a more precise result. He showed that for every positive integer m there exist unique monic polynomials T 1 , . . . , T m ∈ Q[x] with rational coefficients and deg(T k ) = k, such that (1.2) p n = n log n + log log n − 1 + m k=1
(−1) k+1 T k (log log n) k log k n + O n(log log n) m+1 log m+1 n .
The polynomials T k can be computed explicitly. In particular, T 1 (x) = x − 2 and T 2 (x) = x 2 − 6x + 11 (see Cipolla [3] or Salvy [13] for further terms). Since the computation of the n-th prime number p n is difficult for large n, we are interested in upper and lower bounds for p n . Cipolla's asymptotic formula (1.2) yields that the inequalities p n > n log n, (1.3) p n < n(log n + log log n), (1.4) p n > n(log n + log log n − 1) (1.5) hold for all sufficiently large values of n, respectively. The first breakthrough concerning a lower bound for the n-th prime number is due to Rosser [10, Theorem 1] . In 1939, he showed that the inequality (1.3) holds for every positive integer n. In the literature, this result is often called Rosser's theorem. Further, he proved [10, Theorem 2] that the inequality (1.6) p n < n(log n + 2 log log n)
holds for every positive integer n ≥ 4. The next result concerning an upper bound which corresponds to the first three terms of (1.2) is due to Rosser and Schoenfeld [11, Theorem 3] . In 1962, they refined Rosser's theorem and the inequality (1.6) by showing that p n > n(log n + log log n − 1.5)
holds for every positive integer n ≥ 2, and that the inequality (1.7) p n < n(log n + log log n − 0.5) holds for every positive integer n ≥ 20, which implies that the inequality (1.4) is fulfilled for every positive integer n ≥ 6. Based on their estimates for the Chebyshev functions ψ(x) and ϑ(x), Rosser and Schoenfeld [12] announced to have new estimates for the n-th prime number p n but they have never published the details. In the direction of (1.5), Robin [9, Lemme 3, Théorème 8] showed that (1.8) p n ≥ n(log n + log log n − 1.0072629) for every positive integer n ≥ 2, and that the inequality (1.5) holds for every positive integer n such that 2 ≤ n ≤ π(10 11 ). In 1996, Massias and Robin [8, Théorème A] gave a series of improvements of (1.7) and (1.8) . For example, they have found that p n ≥ n(log n + log log n − 1.002872) for every positive integer n ≥ 2. Under the assumption that the Riemann hypothesis is true, they [8, Théorème A(vi) ] were able to show that the inequality (1.5) holds for every positive integer n ≥ 2 and that the inequality (1.9) p n ≤ n log n + log log n − 1 + log log n − 1.8 log n holds for every positive integer n ≥ 27 076. Two years later, Dusart [4, Théorème 1.7] showed in his thesis that the inequality (1.8) holds for every positive integer n ≥ 27 076 even without the assumption that the Riemann hypothesis is true. Further, he achieved a breakthrough concerning the inequality (1.5) by showing that this inequality holds for every positive integer n ≥ 2. He even found a refinement of (1.5) by showing that the lower bound p n ≥ n log n + log log n − 1 + log log n − 2.25 log n is valid for every positive integer n ≥ 2. The current best estimates for the n-th prime are also given by Dusart [ . In 2010, he used new estimates for Chebyshev's ϑ-function to show that the inequality (1.10) p n ≤ n log n + log log n − 1 + log log n − 2 log n holds for every positive integer n ≥ 688 383, which corresponds to the four terms of (1.2), and that (1.11) p n ≥ n log n + log log n − 1 + log log n − 2.1 log n for every positive integer n ≥ 3. The goal of this paper is to improve the inequalities (1.10) and (1.11) in the direction of (1.2). For this purpose, we first use some recently established estimates for the prime counting function π(x) to construct n 0 , b 0 (n), depending on some parameters, with b 0 (n) → 10.7 for n → ∞ so that the following result holds.
Theorem 1.1 (See Theorem 4.3).
For every positive integer n ≥ n 0 , we have p n < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + b 0 (n) 2 log 2 n .
By estimating b 0 (n), we obtain the following refinement of (1.10).
Corollary 1.2 (See Corollary 4.6).
For every positive integers n ≥ 46 254 381, we have p n < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 10.667 2 log 2 n .
Furthermore, we construct n 1 , b 1 (n), depending on some parameters, with b 1 (n) → 11.3 for n → ∞ so that the following upper bound is valid. Theorem 1.3 (See Theorem 5.4). For every positive integer n ≥ n 1 , we have p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + b 1 (n) 2 log 2 n .
Finally, we use Theorem 1.3 to find the following improvement of (1.11).
Corollary 1.4 (See Corollary 5.5).
For every positive integer n ≥ 2, we have p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 11.508 2 log 2 n .
Throughout notations
Throughout this paper, n denotes a positive integer. In the majority of the proofs, we use, for a better readability, the notation w = log log n, y = log n, z = log p n .
Before we give the proofs of Theorem 1.1 and Theorem 1.3, we first establish some preliminary results concerning the reciprocal of log p n in Section 3, in which we introduce the following polynomials P 1 , . . . , P 12 ∈ Q[x]:
2 − 12.3x + 11.5.
Furthermore, we define the polynomials Q 1 , . . . ,
In addition, let A 0 be a real number such that 0.75 ≤ A 0 < 1 and let F 0 : N ≥2 → R be defined by
From (1.1) follows that F 0 (n) ≥ 0 for all sufficiently large values of n, and we define
3. Some estimates for the quantity 1/ log p n In 1902, Cipolla [3, p. 139] showed that an asypmtotic formula for 1/ log p n is given by
3.1. New lower bounds. Concerning (3.1), we show the following lower bound for 1/ log p n , where the polynomials P 1 , . . . , P 4 ∈ Z[x] are defined as in Section 2.
Proposition 3.1. For every positive integer n ≥ 688 383, we have 1 log p n ≥ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n + 1 log p n P 1 (log log n) 2 log 3 n − P 2 (log log n) 6 log 4 n + P 3 (log log n) 12 log 5 n − P 4 (log log n) 20 log 6 n .
Proof. Let n be a positive integer satisfying n ≥ 688 383. As mentioned in Section 2, we write, for convenience, w = log log n, y = log n and z = log p n . First, we note that log(1 + x) ≤ 7 k=1 (−1) k+1 x k /k for every x > −1. Together with (1.10) and the fact that (w − 1)/y + (w − 2)/y 2 > −1 for every positive integer n ≥ 5, we get
Extending the right-hand side of the last inequality, we obtain that the inequality
14 holds, where the polynomials P 5 , P 6 , P 7 , Q 1 , Q 2 , Q 3 , Q 4 , Q 5 , Q 6 ∈ Q[x] are defined in Section 2. We have Q i (x) ≥ 0 for every positive integer i such that 1 ≤ i ≤ 6 and every x ≥ 2. Together with (3.2) and x(x − 2) 7 ≥ 0 for every x ≥ 2, we get
Finally, it suffices to apply the inequality P 5 (w)/30 − P 6 (w)/(42y) + P 7 (w)/(28y 2 ) ≥ 0.
We obtain the following weaker lower bound for 1/ log p n .
Corollary 3.2. For every positive integer n ≥ 456 914, we have 1 log p n ≥ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n + P 1 (log log n) 2 log 3 n log p n − P 2 (log log n) 6 log 4 n log p n .
Proof. It is easy to see that P 3 (log log n)/(12 log 3 n) − P 4 (log log n)/(20 log 4 n) ≥ 0 for every positive integer n ≥ exp(exp (2)). Now we use Proposition 3.1 to get that the required inequality holds for every positive integer n ≥ 688 383. For the remaining cases we use a computer. Corollary 3.3. For every positive integer n ≥ 71, we have 1 log p n ≥ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n .
Proof. Since the inequality (3.3) P 1 (log log n) 2 log n − P 2 (log log n) 6 log 2 n ≥ 0 holds for every positive integer n ≥ 3, Corollary 3.2 implies the validity of the required inequality for every positive integer n ≥ 456 914. we conclude by checking the remaining cases with a computer.
3.2. New upper bounds. Next, we establish the following upper bound for 1/ log p n . Here, we use a similar method as in the proof of Proposition 3.1.
Proposition 3.4. For every positive integer n ≥ 2, we have 1 log p n ≤ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n + P 8 (log log n) 2 log 3 n log p n − P 9 (log log n) 2 log 4 n log p n − P 10 (log log n) 2 log 5 n log p n − P 11 (log log n) 2 log 6 n log p n .
Proof. First, we consider the case n ≥ 33. For convenience, we write again w = log log n, y = log n and z = log p n . We note that the inequality log(1 + t) ≥ t − t 2 /2 holds for every t ≥ 0. Together with (1.11) and (w − 1)/y + (w − 2.1)/y 2 ≥ 0, we obtain that
which implies that the required inequality holds. Finally we use a computer for the remaining cases.
Proposition 3.4 implies the following upper bounds for 1/ log p n .
Corollary 3.5. For every positive integer n ≥ 2, we have 1 log p n ≤ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n + P 8 (log log n) 2 log 3 n log p n − P 9 (log log n) 2 log 4 n log p n − P 10 (log log n) 2 log 5 n log p n .
Proof. If n ≥ 3, we have P 11 (w) = w(w − 2.1) 2 ≥ 0. So the claim follows from Proposition 3.4 for every positive integer n ≥ 3. A computer check completes the proof. Corollary 3.6. For every positive integer n ≥ 2, we have 1 log p n ≤ 1 log n − log log n log 2 n + (log log n) 2 − log log n + 1 log 2 n log p n + P 8 (log log n) 2 log 3 n log p n − P 9 (log log n) 2 log 4 n log p n .
Proof. Since P 10 (x) ≥ 0 if and only if x ≥ 2.1, Corollary 3.5 implies the validity of the required inequality for every positive integer n ≥ 3 520. We check the remaining cases with a computer.
4.
A new upper bound for the n-th prime number
Before we formulate the main result of this section concerning an upper bound for the n-th prime number, which improves the upper bound (1.10), we introduce some preliminaries.
4.1. Preliminaries. Before we give the proof of Theorem 1.1, we first show two lemmata. We start with the following implicit upper bound for the n-th prime number. 
Proof. We set g 1 (x) = 250x 4 − 2103x 3 + 8169x 2 − 11935x + 6351 and g 2 (x) = −154x
It is easy to see that f (x) ≥ 0 for every x ≥ 1.8. Since g 1 (x) ≥ 0 for every x ≥ 2.11, we use the inequality e t > 1 + t to get that the inequality g 1 (x)e x + g 2 (x) ≥ 0, which is equivalent to the desired inequality, holds for every x ≥ 2.11.
4.2.
Notations. In the section, we use the following notation. Let A 1 be a real number such that 0 < A 1 ≤ 458.7275 and let F 1 : N ≥2 → R be defined by
.85 log log n + 14.15)((log log n) 2 − log log n + 1) log 4 n log p n + 13.15((log log n) 2 − log log n + 1) log 2 n log 2 p n − 70.7 log log n log 2 n log 2 p n 1 log n + 1 log p n + 2.85P 1 (log log n) 2 log 3 n log 2 p n + 2.85P 1 (log log n) 2 log 4 n log p n − P 2 (log log n) 6 log 4 n log p n .
Then F 1 (n) ≥ 0 for all sufficiently large values of n and we define
In the following let a : N ≥2 → R be an arithmetic function so that (4.1) a(n) ≥ −(log log n) 2 + 6 log log n and let N 2 , N 3 , N 4 ≥ 2 be three constants depending on the arithmetic function a, so that (4.2) − 1 < log log n − 1 log n + log log n − 2 log 2 n − (log log n) 2 − 6 log log n + a(n)
for every positive integer n ≥ N 2 and (4.3) log log n − 2 log 2 n − (log log n) 2 − 6 log log n + a(n)
for every positive integer n ≥ N 3 as well as (4.4) p n < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + a(n) 2 log 2 n for every positive integer n ≥ N 4 .
4.3.
A new upper bound for the n-th prime number. Now, we give the proof of Theorem 1.1. For this we set
and for w = log log n let , 688 383}, we have p n < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + b 0 (n) 2 log 2 n .
Proof. For convenience, we write w = log log n, y = log n and z = log p n . We set
By Corollary 3.2, we get
We apply this inequality to (4.6) to obtain (4.8) 1 z 2 ≥ Φ 2 (n) and by using (3.3), we get
and 2.85x
2 − 16x + 73.55 ≥ 0 for every x ≥ 0, we obtain 
From (3.3) follows directly 13.15 z
We add the last inequality and the inequality obtained in Lemma 4.2 with x = w to the left-hand side of (4.14) and get
5.35
Next we add F 1 (n) ≥ 0 into the left-hand side, use the identity 8.7w 
where
Now we use (4.7) and (4.9) and collect all terms containing the numbers 2.85 and 13.15 to get 
A straightforward calculation shows that the last inequality is equivalent to 
We add both sides of this inequality by (w − 1)/y + (w − 2)/y 2 . Since g(x) = x 3 /3 is increasing and 
, we obtain 
Finally we use (4.4) and Lemma 4.1 to conclude the proof.
Next, we use Theorem 4.3 to derive the exlicit upper bound for the n-th prime number stated in Corollary 1.2. For this purpose, we first prove the following both lemmata. In the first lemma we determine the value of N 0 for A 0 = 0.87. Proof. We set
Since f ′ (x) ≥ 0 for every x ≥ 2.5 and f (3.046) ≥ 0.00137, it follows that f (x) ≥ 0 for every x ≥ 3.046. Substituting x = log log n in f (x), we use (1.10) to obtain that the desired inequality holds for every positive integer n ≥ exp(exp(3.046)). We check the remaining cases with a computer.
Next we use Lemma 4.4 to determine the value of N 1 for A 1 = 155.32. Proof. First, let n ≥ exp(exp(3.05)). Since f (x) = 6x 4 Now we apply Lemma 4.4 to obtain (4.15). So, the desired inequality holds for every positive integer n ≥ exp(exp(3.05)). For every positive integer n satisfying 100 720 878 ≤ n ≤ exp(exp(3.05)) we check the asserted inequality with a computer.
In view of Cipolla's asymptotic expansion (1.2), we find the following upper bound for the n-th prime numnber, which refines the upper bound (1.10) from Dusart [5, Proposition 6.6].
Corollary 4.6. For every positive integers n ≥ 46 254 381, we have p n < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 10.667 2 log 2 n .
Proof. For convenience, we write w = log log n and y = log n. We set A 0 = 0.87 and A 1 = 155.32. By Lemma 4.4 and Lemma 4.5, we have N 0 = 1 338 564 587 and N 1 = 100 720 878. The proof is divided into two steps. First step: We set a(n) = −w 2 + 6w. Then we can chose N 2 = 5 and N 3 = 1 619. By (1.10), we obtain that N 4 = 688 383 is a suitable choice for N 4 . Using (4.5) we obtain
Now we show that g(n) ≥ −0.059 for every positive integer n ≥ 3. In order to do this, we define 
. We check with a computer that g 1 (i · 10 −5 , (i + 1) · 10 −5 ) ≥ 0 for every nonnegative integer i with 0 ≤ i ≤ 699 999. Therefore,
Next, we prove that g 1 (x, x) ≥ 0 for every x ≥ 7. In order to do this, let W 1 (x) = 3.54e x − 20(2x 3 − 18x 2 + 64.2x − 98.9). It is easy to show that W 1 (x) ≥ 792 for every x ≥ 7. Hence, we get , we obtain that g(n) + 0.059 = g 1 (w, w)/(60y 4 ) ≥ 0 for every positive integer n satisfying w ≥ 7. Together with (4.17) and (4.16), we get that b(n) ≥ 10.641 for every positive integer n ≥ 3. Applying this to Theorem 4.3, we obtain that the inequality
holds for every positive integer n ≥ 1 338 564 587. For every positive integer n such that 39 529 802 ≤ n ≤ 1 338 564 586 we check the last inequality with a computer. Second step: We set a(n) = 10.641. Then, we can chose N 2 = 8 and N 3 = 4914. Further, it follows from the first step that N 4 = 39 529 802. By (4.5), we have
where h(n) is given by Clearly, h 1 (x, x) ≥ h 1 (t 0
Combined with (4.19) and (4.18), we get that b(n) ≥ 10.667 for every positive integer n ≥ 3. Finally, we apply this to Theorem 4.3 and obtain that the required inequality holds for every positive integer n ≥ 1 338 564 587. We verify the remaining cases with a computer.
In the following example we compare the error term of the approximation from Corollary 4.6 with Dusart's approximation from (1.10) for the 10 n -th prime number.
Example. Denoting the right-hand side of (1.10) by D up (n) and the right-hand side from Corollary 4.6 by A up (n), we use [14] to obtain the following table: Lemma 5.2. For every positive integer n ≥ 6, we have 12.85P 9 (log log n) 2 log 6 n log p n + 3.15P 10 (log log n) 2 log 6 n log p n + P 11 (log log n) 2 log 6 n log p n ≥ 0.
Proof. It is easy to see that f (x) = 12.85P 9 (x) + 3.15P 10 (x) + P 11 (x) ≥ 0 for every x ≥ 2. Hence, f (w) ≥ 0 for every positive integer n ≥ exp(exp (2)). We check the remaining cases with a computer.
Lemma 5.3. Let w = log log n. For every positive integer n ≥ 17, we have P 9 (w)P 12 (w) 4 log 7 n log p n + 12.85P 10 (w) 2 log 7 n log p n + 3.15P 11 (w) 2 log 7 n log p n + 3.15P 11 (w) 2 log 6 n log 2 p n ≥ (w − 2)
Proof. Using Lemma 4.4 and a computer, we get that the inequality (5.1) log m ≥ 0.75 log p m holds for every positive integers m ≥ 255. Let n ≥ 255. We set f (x) = P 9 (x)P 12 (x) + 2 · 12.85P 10 (x) + 2 · 3.15P 11 (x)+ 0.75 ·2 ·3.15P 11 (x) and g(x) = 0.75f (x)− (x− 2) 4 . Note that g(x) ≥ 0 and f (x) ≥ 0 for every x ≥ 1.5. Together with (5.1), we get f (w)/(4 log 7 n log p n ) − (w − 2) 4 /(4 log 8 n) ≥ g(w)/(4 log 8 n) ≥ 0. Further, we have P 11 (x) ≥ 0 for every x ≥ 0. Hence, by (5.1), we get that the required inequality holds for every positive integer n ≥ 255. We conclude by direct computation. Writing w = log log n, y = log n and z = log p n , we define the arithmetic functions H i : N ≥2 → R, 1 ≤ i ≤ 10, by
• H 9 (n) = B 9 w y 2 z − 463.2275 z 5 ,
• H 10 (n) = B 10 w y 2 z − 4585 z 6 . Since H i (n) ≥ 0 for every 1 ≤ i ≤ 10 and all sufficiently large values of n, respectively, we define
Let a : N ≥2 → R be an arithmetic function and let K 2 , K 3 , K 4 be positive integers, which depend on a, so that (5.3) p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + a(n) 2 log 2 n for every positive integer n ≥ K 2 and (5.4) a(n) > −(log log n) 2 + 6 log log n for every positive integer n ≥ K 3 , as well as (5.5) 0 ≤ log log n − 1 log n + log log n − 2 log 2 n − (log log n) 2 − 6 log log n + a(n) 2 log 3 n ≤ 1
for every positive integer n ≥ K 4 . Furthermore, we define the function G : R → R by
4e 8x .
5.3.
A new lower bound for the n-th prime number. In order to find the explicit lower bound for the n-th prime number stated in Corollary 1.4, we set
15 − (B 6 + B 7 + B 8 + B 9 + B 10 )) log log n log n and first show the following theorem.
Theorem 5.4. For every positive integer
, we have p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + b 1 (n) 2 log 2 n .
For convenience, we write w = log log n, y = log n and z = log p n . We set
By Corollary 3.6, we have
Similar to the proof of (4.8), we use Proposition 3.4 to get that
Together with P 11 (x) = x(x − 2.1) 2 ≥ 0 for every x ≥ 0, P 10 (x) = 2(x − 2.1)(x 2 − 1.5x + 1.05) ≥ 0 for every x ≥ 2.1 and Corollary 3.5, we get (5.9) − 1 z 3 ≥ Ψ 3 (n). We have F 0 (n) ≥ 0 and, by (5.2), 3.15 − (B 6 + B 7 + B 8 + B 9 + B 10 ) ≥ 0. Together with the definition of b 1 (n), we obtain that the inequality Note that w 2 − w + 1 ≥ 0 und P 12 (w) ≥ 0. Then, by using (5.7) and (5.9), we get Since P 12 (x) = P 8 (x) + 2 · 3.15(x 2 − x + 1) and d(n) = 11.3 − b 1 (n), we obtain
Together with (5.8) and Proposition 3.4, we get
This inequality is equivalent to
The functions g 1 (x) = −x 2 /2 + x 3 /3 and g 2 (x) = −x 4 /4 are monotonic decreasing on the interval [0, 1]. Together with (5.4), (5.5) and the inequality log(1 + t) ≥ 4 k=1 (−1) k+1 t k /k, we get that the inequality (5.10) implies
Now, we use Theorem 5.4 to establish the following explicit lower bound for the n-th prime number, which refines Dusart's lower bound given in (1.11).
Corollary 5.5. For every positive integer n ≥ 2, we have p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 11.508 2 log 2 n . and K 1 = max 1≤i≤10 M i (B i ) = 1 479 240 488. The proof of the required lower bound for the n-th prime number p n consists of three steps. First step: We set a(n) = 0.2y − w 2 + 6w. By (1.11), we can chose K 2 = 3. Further it is easy to see that K 3 = 2 and K 4 = 33 are suitable choices for K 3 and K 4 , respectiviely. Using (5.6) and (5.11), we obtain the identity .
In this first step, we show that b 1 (n) ≤ 11.589 for every positive integer n ≥ exp(exp(3.05)). For this purpose, we set α(x, t) = 0. and notice the identity (5.12) α(w, w) = 6(11.589 − b 1 (n))y 5 .
. We check with a computer that α(3.05 + i · 10 −5 , 3.05 + (i + 1) · 10 −5 ) ≥ 0 for every nonnegative integer i with 0 ≤ i ≤ 394 999. Hence, by (5.12),
Next, we show that α(x, x) ≥ 0 for every x ≥ 7. Note that 882e x − 3(x 4 − 12x 3 + 46.6x 2 − 112x + 40) ≥ 967 757 for every x ≥ 7. So, α(x, x) ≥ 0 for every x ≥ 7. Combined with (5.12) and (5.13), we get that b 1 (n) ≤ 11.589 for every positive integer n ≥ exp(exp (3.05) ). Applying this to Theorem 5.4, we get that the inequality p n > n y + w − 1 + w − 2 y − w 2 − 6w + 11.589 2y 2
is fulfilled for every positive integer n ≥ exp(exp(3.05)). We check with a computer that the last inequality holds for every positive integer n such that 2 ≤ n ≤ exp(exp(3.05)). Second step: We set a(n) = 11.589. Then, we can chose K 2 = 2 and K 3 = 2. Further, it is easy to see that K 4 = 48 is a suitable choice for K 4 . Together with (5.6) and (5.11), we get that Then, we get (5.14) β(w, w) = 6(11.512 − b 1 (n))y 5 .
Similar to the first step, we get that
So, it suffices to verify that β(x, x) ≥ 0 for every x ≥ 7. We notice that 1.272e x + 2(2x 3 − 21x 2 + 81.071778x − 131.867) ≥ 1580 for every x ≥ 7. Hence, Since 1580e x − 3(x 4 − 12x 3 + 46.6x 2 − 112x + 40) ≥ 1 733 207 for every x ≥ 7, we conclude that β(x, x) ≥ 0 for every x ≥ 7. Together with (5.14) and (5.15), we establish that b 1 (n) ≤ 11.512 for every positive integer n ≥ exp(exp(3.05)). Applying this to Theorem 5.4, we get that
for every positive integer n ≥ exp(exp(3.05)). Finally, we use a computer to verify that the last inequality also holds for every positive integer n such that 2 ≤ n ≤ exp(exp(3.05)). Third step: In this last step, we set a(n) = 11.512. Then, we can chose K 2 = 2 and K 3 = 2. Further, K 4 = 47 is a suitable value for K 4 . Now, we use (5.6) and (5.11) to get Notice that (5.16) γ(w, w) = 6(11.508 − b 1 (n))y 5 .
Analogously to the first step, we obtain that (5.17) b 1 (n) ≤ 11.508 (3.05 ≤ w ≤ 7).
Next, we find that γ(x, x) ≥ 0 for every x ≥ 7. Since 1554e x − 3(x 4 − 12x 3 + 46.6x 2 − 112x + 40) ≥ 1 704 694 for every x ≥ 7, we get that γ(x, x) ≥ 0 for every x ≥ 7. Combined with (5.16) and (5.17), we conclude that b 1 (n) ≤ 11.508 for every positive integer n ≥ exp(exp(3.05)). Then, Theorem 5.4 implies that the required inequality holds for every positive integer n ≥ exp(exp(3.05)). A direct computation for smaller values of n completes the proof.
In the following example we compare the error term of the approximation from Corollary 5.5 with the approximation from (1.11) for the 10 n -th prime number.
Example. Denoting the right-hand side of (1.11) by D low (n) and the right-hand side of Corollary 5.5 by A low (n), we use [14] to obtain the following table: Remark. The asymptotic expansion (1.2) for the n-th prime number implies that the inequality (5.18) p n > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 11 6. Estimates for ϑ(p n ) in terms of n Chebyshev's ϑ-function is defined by
where p runs over primes not exceeding x. Notice that the Prime Number Theorem is equivalent to
By proving the existence of a zero-free region for the Riemann zeta-function ζ(s) to the left of the line Re(s) = 1, de la Vallée-Poussin [16] was able to bound the error term in (6.1) by proving
where c is a positive absolute constant. Together with Cipolla's asymptotic expansion (1.2) we get ϑ(p n ) = n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 11
In ϑ(p n ) ≥ n log n + log log n − 1 + log log n − 2.04 log n for every positive integer n ≥ π(10 15 ) + 1 = 29 844 570 422 670, and ϑ(p n ) ≤ n log n + log log n − 1 + log log n − 2 log n − 0.782 log 2 n for every positive integer n ≥ 781.
Proposition 6.1. For every positive integer n ≥ 2, we have ϑ(p n ) > n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 11.808 2 log 2 n , and for every positive integer n ≥ 2 581, we have ϑ(p n ) < n log n + log log n − 1 + log log n − 2 log n − (log log n) 2 − 6 log log n + 10.367 2 log 2 n .
Proof. From [2, Theorem 1.1], it follows that the inequality
holds for every positive integer n ≥ 841 508 302, and that
for every positive integer n. By Rosser and Schoenfeld [11, Corollary 1], we have n > p n / log p n for every positive integer n ≥ 7. Applying this inequality to (6.2), we get ϑ(p n ) > p n − 0.15n/ log 2 n for every positive integer n ≥ 841 508 302. Together with Corollary 5.5, we obtain that the desired lower bound for ϑ(p n ) holds for every positive integer n ≥ 841 508 302. We check the remaining cases for n with a computer.
Similar to the first part of the proof, we apply the inequality n > p n / log p n to (6.3) and obtain that the inequality ϑ(p n ) < p n + 0.15n/ log 2 n holds for every positive integer n ≥ 7. Now, we use Corollary 4.6 to get that the required upper bound for ϑ(p n ) holds for every positive integer n ≥ 46 254 381. For smaller values of n, we verify the required upper bound with a computer.
Appendix
In the proof of Corollary 5.5, we note the following In this appendix, we show that this table is indeed correct; i.e. H i (n) ≥ 0 for every positive integer n ≥ M i (B i ) for the given values of B i . We start with the claim concerning H 1 (n). Proof. We have Q 8 (x) ≥ 0 for every x ≥ 0.6 and P 9 (x) ≥ 0 for every x ≥ 0.6. Using Lemma 4.4, we get that the inequality (7.1) H 1 (n) ≥ f 1 (w(n)) 4 log 6 n log p n for every positive integer n ≥ 1 338 564 587, where f 1 (x) = 4 · 0.27xe 3x − 2Q 7 (x)e x + 2 · 0.87Q 8 (x) + Q 9 (x) + 2 · 12.85 · 0.87 2 P 9 (x). We show that f (x) ≥ 0 for every x ≥ 3.05. For this purpose, we set g(x) = (116.64 + 87.48x)e
x + (−24.6x 4 − 322.1x 3 − 1137.1x 2 − 1265.98x − 512.24). It is easy to show that g(x) ≥ 212 for every x ≥ 1.7. So, f
1 (x) = g(x)e x + 240x − 1005.6 ≥ 212e x + 240x − 1034.688 ≥ 0 for every x ≥ 1.7. Now, it is easy to see that f (x) ≥ 0 for every x ≥ 3.05. Applying this to (7.1), we get that H 1 (n) ≥ 0 for every positive integer n ≥ exp(exp(3.05)). Finally, it suffices to verify the remaining cases with a computer.
Before we verify that M 2 (4.23) = 1 471 247 583, we introduce the following function.
Definition. For x ≥ 1, let Φ(x) = e x + x + log 1 + x − 1 e x + x − 2.1 e 2x .
We notice the following three properties of the function Φ(x).
Lemma 7.2. For every x ≥ 1, we have Φ ′ (x) ≥ e x + 3/4.
Proof. We have Φ ′ (x) ≥ e x + 3/4 if and only if g(x) = e 2x − 3xe x + 7e x − 7x + 18.7 ≥ 0. Since g ′′ (x) = 4e 2x − (3x − 1)e x ≥ 0 for every x ≥ 0 and g ′ (1) ≥ 10.49, we obtain that g ′ (x) ≥ 0 for every x ≥ 1. Together with g(1) ≥ 29.96, we get that g(x) ≥ 0 for every x ≥ 1. Proof. The desired inequality holds if and only if (x − 1)e x + x − 2.1 ≥ 0. Since the last inequality holds for every x ≥ 1.25, we conclude the proof.
Lemma 7.4. For every positive integer n ≥ 3, we have Φ(log log n) ≤ log p n .
Proof. The claim follows directly from [6, Proposition 5.16 ].
Next, we use these properties to determine the value M 2 (4.23). holds for every x ≥ 1.25. We denote the right-hand side of the last inequality by g 2 (x). A straightforward calculation gives g
2 (x) ≥ (1383.48x − 3930.66)e 3x ≥ 0 for every x ≥ 2.85. Now, it is easy to see that g 2 (x) ≥ 0 for every x ≥ 3.02. Applying this to (7.2), we conclude that f ′ 2 (x) ≥ 0 for every x ≥ 3.02. Since f 2 (3.05) ≥ 16.797, we obtain that f 2 (log log n) ≥ 0 for every positive integer n ≥ exp(exp (3.05) ). Finally, we apply Lemma 7.4. For smaller values of n, we use a computer. x (e x + x) + e 2x ) + 9.45x − 114.9)x ≥ 0 for every x ≥ 2.92. Hence, f 4 (log log n) ≥ 0 for every positive integer n ≥ exp(exp (3.05) ). Finally it suffices to apply Lemma 7.4. For smaller values of n, we check the required inequality with a computer.
Proof. We define f 9 (x) = 0.1955x Φ 4 (x) − 463.2275e 2x . Then, by using Lemma 7.2 and Lemma 7.3, we have f ′ 9 (x) ≥ (0.1955(e x + x) 2 + 0.782x(e x + x) 2 − 926.455)e 2x ≥ 0 for every x ≥ 2.83. Combined with f 9 (3.05) ≥ 7.11, we conclude that f 9 (x) ≥ 0 for every x ≥ 3.05. Substituting x = log log n in f 9 (x), we get, by Lemma 7.4 , that H 9 (n) ≥ 0 for every positive integer n ≥ exp(exp(3.05)). For every positive integer n such that 1 479 240 488 ≤ n ≤ exp(exp(3.05)) we check the desired inequality with a computer.
Finally, we determine the value of M 10 (0.08).
Proposition 7.13. We have M 10 (0.08) = 1 447 605 594.
Proof. Let f 10 (x) = 0.08x Φ 5 (x) − 4585e 2x . Applying Lemma 7.2 and Lemma 7.3, we get f ′ 10 (x) ≥ (0.4x(e x + x) 3 − 9170)e 2x ≥ 0 for every x ≥ 2.9. Together with f 10 (3.05) ≥ 6142.27, we obtain that f 10 (log log n) ≥ 0 for every positive integer n ≥ exp(exp (3.05) ). Now, we use Lemma 7.4 to conclude that H 10 (n) ≥ 0 for every positive integer n ≥ exp(exp (3.05) ). Finally, it suffices to verify the remaining cases with a computer.
